Abstract. Some generalizations of the maximum principle for harmonic functions are discussed. §1. Introduction
§1. Introduction
It is well known that if U (z), |z| < 1, is a harmonic function and for each boundary point e ix we have
then U (z) ≤ 0 everywhere on the unit disk {z; |z| < 1}. If we know a priori that U (z), |z| < 1, is bounded, then by Fatou's theorem we need to check condition (1) at almost all boundary points only. Moreover, we can replace (1) with the weaker condition where the point z goes to e ix nontangentially. By the Phragmén-Lindelöf principle, if
then we can omit finitely many boundary points. There are many results in this direction, where various conditions are imposed on harmonic functions and the corresponding exceptional sets are characterized.
In this paper we discuss the problem of relaxing condition (1) at each boundary point provided an additional condition is imposed on the growth of the harmonic function in question. We also discuss the problem of omitting some boundary points.
§2. Auxiliary results
In this section, for the reader's convenience, we collect some well-known results and definitions.
More information about the following quantity, related to the Hausdorff measure, can be found in [2] . Then we put (2) M α (E) = inf
where |S| is the length of the arc S and the infimum is taken over the family of all covers.
The following definition and theorem are borrowed from the book [3] . 
where F (z) is the following harmonic function: 
wheref (x) is the Fourier transform of the function f (x). §3. The case where the lengths of the arcs go to zero Theorem 3.1. Suppose 1 ≤ p < ∞, 0 < α < 1 p . Let E be a closed subset of the unit circle T , and let
Proof. Observe that it suffices to prove the inequality l(f ) ≥ 0 for all nonnegative and continuously differentiable functions f (x).
For an arbitrary > 0, there are open arcs I n , n = 1, 2, . . . , such that
We denote by f 0 (x) the following function:
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
ON THE MAXIMUM PRINCIPLE FOR HARMONIC FUNCTIONS 327
By assumption, we have l(f 0 ) ≥ 0. Next,
where M 1 is independent of . Lemma 3.1. Suppose U (z) and V (z), |z| < 1, are harmonic functions that admit continuous extension up to the boundary of the unit disk. Then for each 0 < ρ < 1 we have 1 2π
Proof. Let
Consequently, 1 2π
Proof. By Lemma 3.2, the limit
exists and is equal to
Observe that this is a bounded functional.
The lemma below is similar to the well-known result on partitions of unity; see [7, p. 45] . Nevertheless, there is an essential difference: in the result mentioned above, a cover is constructed, whereas in our lemma it is given arbitrarily beforehand.
Let ∆ be an arc on the unit circle. By ∆ * we denote the new arc obtained by joining two arcs of the same length |∆| to both sides of ∆. 
ix except at most finitely many, we have
3) for each point |z| = 1 we have
Proof. Without loss of generality we may assume that
We introduce a continuous function ϕ 1 (z) that equals 1 on the closed arc z ∈ ∆ 1 and is identically zero outside of ∆ *
Assume that the functions ϕ k (z), k = 1, 2, . . . , n − 1, have already been constructed so that the following conditions are satisfied: 1) for each k = 1, 2, . . . , n − 1 we have supp(ϕ k ) ⊂ ∆ * k ; 2) for each e ix except finitely many points, we have
3) for each point
4) for each point e ix we have
Let a point |z| = 1 be off the arc ∆ k . We denote by ∆ k (z) the arc of minimal length that contains z and has nonempty intersection with the arc ∆ k . Now, let a new function ψ n (z) be defined as follows:
if z ∈ ∆ n . For an arbitrary point e is off the arc ∆ n , we put
Note that if a point z, |z| = 1, is off ∆ * n , then ψ n (z) < 0. For |z| = 1 we have
Finally, we put
Obviously, supp(ϕ n ) ⊂ ∆ * n . For the derivative we have the estimate
∂x .
For any z with |z| = 1 we have
where the sum is taken over all indices 1 ≤ n 1 < n 2 < · · · < n m = n such that z ∈ ∆ * n k . We denote by C j , j = 0, 1, . . . , the set formed by the indices k of the arcs ∆ n k for which
Since |∆ n k | ≥ 2 j |∆ n | and each point with |z| = 1 belongs to at most two arcs of the family ∆ n , n = 1, 2, . . . , the set C j contains at most four indices. Consequently, 
we have
Proof. For each t we have
n , we get a better estimate:
∂s ds
Since ϕ(z), |z| < 1, is a harmonic function, for 0 < r < 1 we have
Consequently,
Also, we have
Recalling that
where 0 < σ(2p − 1) + p < (1 − α)p and 0 < , we arrive at the required inequality.
The particular case of the following result can be found in [4] . 
Suppose that for each ξ / ∈ T \ E we have
Proof. Let f (z), z ∈ T , be a nonnegative function with supp(f ) ⊂ I, where I is an arc in T \ E. Let 0 < r 0 < 1 be an arbitrary number. Then for each > 0 and each point ξ ∈ I, there is a number r(ξ) satisfying the condition r 0 < r(ξ) < 1 and such that U (z) ≤ for
Without loss of generality we may assume that the arcs
are subsets of T \ E. Observe that these arcs cover I. By the Ahlfors lemma (see [8, p. 246] ), there are intervals
that also cover the arc I and have multiplicity less than 2. For this family of intervals, we consider the functions ϕ n (z), |z| = 1, n = 1, 2, . . . , constructed as in Lemma 3.3. Let f (z), z ∈ T, be a continuously differentiable function with supp(f ) ⊂ I, and let g n (z), |z| < 1, denote the harmonic function for which
We put
* be the functional generated by the harmonic function U (z). We have
Observe that
Now, choosing the number r 0 < 1 close to 1 and using Lemma 2, we can write
This proves that l(f ) ≤ 0 for any function with supp(f ) ⊂ T \ E. It remains to apply Lemma 1. §4. The case where the lengths of the arcs do not go to zero
If no boundary points are omitted, then the following is true. 
If there is a number > 0 such that
for any boundary point e ix ∈ ∂D, then U (z) ≤ 0 everywhere on the unit disk D.
Proof. We write the harmonic function U (z), |z| < 1, in the form
and denote
The function M (r) is monotone increasing for 0 < r 0 < r < 1. The coefficients a n , n = 1, 2, . . . , admit the estimate
For each n = 1, 2, . . . , we choose 0 < r n < 1 such that
Note that for large indices we have r n < r n+1 , and lim n→∞ r n = 1.
Let 0 < δ < be a fixed number. By Theorem 2.2, there is a nonnegative function ϕ δ (x) supported on the interval (−δ, δ) and satisfying
where the c n are the Fourier coefficients of the function ϕ δ (x). In particular, by (3) we have
Consider the function
This function is harmonic and admits a continuous extension up to the boundary of D. By the assumptions of the theorem, for any w ∈ ∂D there exists a sequence z n , n = 1, 2, . . . , in D that tends to w and is such that
Since U δ (z) is continuous up to the boundary, we have U δ (w) ≤ 0. By the maximum principle, Proof. Consider the function
where 16π < 4b < a. For each a < x < ∞ we have arg(w(x)) = arg w xe
The spiral S = {w(x); a < x < ∞} goes to the boundary of the unit disk D. As x → +∞, we have
Observe that the inequality 
We denote ∆(r) = re i ln x ; x ∈ F (r) .
The length of this arc is equal to |∆(r)| = ln 2b + π + 2e 2π (2b − π) 4b + 2π + e 2π (2b − π) = δ > 0.
For each x ∈ F (r), we have inf |re i ln x − w|; w ∈ ∂Ω(a) ≥ 1 3x
We note that Note that the function f − (z) is bounded on the arcs ∆(r) and the function f + (z) is bounded on the spiral S.
For each boundary point e ix , there are infinitely many numbers 0 < r n < 1 such that the points r n e ix are the centers of the arcs ∆(r n ). So, the condition of the theorem is satisfied.
Now we show that the function f − (z), |z| < 1, is not bounded. Indeed, otherwise for any w ∈ ∂Ω(a) ∩ S we have If the function f − (z), |z| < 1, is bounded, then the function f + (w) cannot be bounded on the spiral S, a contradiction.
